Symmetry concepts are applied to analyze three-dimensional time-periodic mixing Stokes flows in a cubic domain. Usage of simple map algebra, developed by Franjione et al. ͓Phys. Fluids A 11, 1772-1783 ͑1989͒; Philos. Trans. R. Soc. London, Ser. A 338, 301-323 ͑1992͔͒, allows us to reveal the symmetry in the arrangement of periodic points in such a flow. Symmetries reveal essential features of the underlying physics, and with manipulation of symmetries mixing protocols can be made efficient over the entire flow domain.
͓S1070-6631͑00͒01602-0͔
In the recently published article by Anderson et al. 1 it was demonstrated that in three-dimensional time-periodic flows periodic points ͑i.e., material points that return to their original position after n periods͒ can form structures ͑lines͒, and a computational technique to find these lines was described. Periodic lines were found and classified for different flows in brick-shaped domains, where the fluid motion was generated by consecutive sliding of two opposite cavity walls. The detected periodic lines exhibited remarkable symmetry, which in some cases was apparent and well understood. However, in the example of a four-step mixing protocol in a cubic cavity with crossed directions of the wall movements, the symmetry was not properly revealed and explained. However, we found that using the flow symmetry relations and a mapping technique analogous to that developed by Franjione et al. 2 it is possible to show theoretically what type of symmetry the periodic structures in this flow should necessarily possess.
The flow under consideration is a time-periodic Stokes flow ͑Reynolds number ReӶ1) in a cubic domain, defined as ͉x͉Ͻ1, ͉y͉Ͻ1, ͉z͉Ͻ1 in dimensionless coordinates. Two opposite walls yϭϮ1 can slide in x and z directions. The protocol of the wall motion consists of four steps. During each step only one wall is moving, wall displacements during different steps are equal to each other. The scheme of the protocol is presented in Fig. 1 . This is one of simplest threedimensional mixing protocols for such a simple domain that has zero total displacement of all movable walls after a full cycle. Such protocols are of interest because of their anticipated experimental feasibility, as the movable walls can be made of rigid transparent plates ͑avoiding usage of circular belts͒ giving better optical access to the flow domain from different viewpoints.
According to Franjione et al. 2 we introduce maps describing the fluid displacement on every single step. The notations are as follows: ''F'' and ''B'' denote front or back wall motion, while the subscript denotes the direction of the wall motion ͑''r,'' ''l,'' ''u'' and ''d'' stand for ''right,'' ''left,'' ''up'' and ''down'' respectively͒. Thus, for example, the operator F r describes the results of the front wall (y ϭϪ1) moved to the right. Using these maps the protocol under study can be written as
where the rightmost operator is acting first. The symmetry operators S x , S y and S xz can be introduced:
In addition the operator SϭS y S xz is defined as S͑x,y,z ͒ϭ͑ z,Ϫy,x ͒, ͑5͒ SϭS y S xz ϭS xz S y .
This operator, in fact, describes a rotation by 180°, i.e., axial symmetry, around the line defined by yϭ0, xϪzϭ0. It is obvious that SSϭ1 and, thus, S Ϫ1 ϭS, where 1 is the identity operator.
Using the symmetry of the flow domain and the symmetry of the velocity field it is possible to express all operators used in protocol P through a single basic map FϵF r and symmetry operators as follows:
Note that, for practical purposes, the inverse map F Ϫ1 can also be presented as F Ϫ1 ϭS x FS x . Using the relations ͑7͒ the expression ͑1͒ for the protocol P can be rewritten as
PϭS F Ϫ1 S F Ϫ1 S FS F. ͑8͒
The inverse protocol P Ϫ1 then will look as follows ͑opera-tors are rewritten in inverse order and replaced by their inverses, taking into account that S Ϫ1 ϭS): From ͑8͒ and ͑9͒ it follows that the protocol P and its inverse P Ϫ1 possess the following symmetry relations:
In terms used by Franjione and Ottino 3 it means that the map P has a time-reversal symmetry S. The same symmetry holds for the maps P n for nϾ1, which can be shown as follows. If P k possesses the symmetry S, which means that P Ϫk ϭS P k S, then the same is true for kϩ1:
͑11͒
Relation ͑11͒ forms the step of the induction with ͑10͒ being its base for kϭ1. Thus, for any integer nу1, P Ϫn ϭS P n S and P n ϭS P Ϫn S. ͑12͒
The relations ͑12͒ and reversibility of the Stokes flow gives the possibility to reveal the symmetry that periodic structures of the flow under study must necessarily possess. Namely, it is proven that periodic structures of any order ͑or the isolated points, if any͒ should be arranged symmetrically around the axis yϭ0, xϪzϭ0 ͑see Fig. 2͒ .
Theorem: If a is a periodic point of nth order of the flow, described by the protocol P ͑1͒, then the point Sa, which is symmetrical to it with respect to the axis yϭ0, x Ϫzϭ0, is also a nth order periodic point of the same flow.
Proof: By definition, the point a is a periodic point of nth order of the map P if P n aϭa and P k a a for any 1рk Ͻn. As the Stokes flow is quasi-stationary, it can be reversed, and the same point a remains periodic for inverse protocol: P Ϫn aϭ a. Then the point Sa is mapped as follows:
͑13͒
It can be shown in the same way that P k a a for 1рk
Ͻn. Thus, Sa is a periodic point of nth order of the protocol P. Figure 2 shows the example of the periodic lines of the first order, found in Anderson et al., 1 for the flow with the dimensionless wall displacement equal to 2.5. This system of periodic lines does exhibit the discussed type of symmetry. The elliptic line in the middle is actually crossing the axis of symmetry. It is interesting to note the difference in the type of symmetry observed by Franjione et al. 2 for twodimensional cavity flows and the symmetry discussed in Anderson et al. 1 and the current work for a threedimensional flow. While Franjione et al. 2 encountered only reflectional symmetries, the flow and the periodic structures discussed here possess rotational ͑orientation preserving͒ symmetry. Note that Franjione and Ottino 3 provided some examples of more complex two-dimensional flows that exhibit orientation-preserving symmetries.
The mapping algebra, introduced by Franjione et al. 2 for the analysis of two-dimensional mixing flows in rectangular cavity, was extended and applied to a three-dimensional mixing flow in a cubic domain. It allowed us to find the symmetry that periodic structures in the examined flow should possess. It is in full agreement with numerical results recently published by Anderson et al., 1 where this kind of symmetry was left unexplained. The same technique can be utilized for the analysis of different classes of mixing protocols. After the symmetry of the simplest flow protocols is revealed, the symmetry manipulation recursive techniques described by 1 ͒. The displacement of the moving wall during each step is equal to 2.5 of the length of the cube edge. Elliptic ͑stable͒ periodic lines are plotted thick, hyperbolic ͑unstable͒ are shown thin. The dotted line denotes the axis of symmetry ͑for further explanation, see text͒.
